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AnHoTanus. B craTthe paccmaTpuBaeTcs CMEIIaHHAsl 3a7ada Jyisi OOBIKHOBEHHOTO Judde-
PEHITMAIEHOTO YPaBHEHUS YETBEPTOTO MOPSAKa C OOIIMMH KPaeBbIMU YCIIOBUSIMHU. PermieHue 3amaun
HalJIeHO BBIYETHBIM METOJIOM. [0 cXeMe 3TOro MeTo/a cMelIaHHas 3a/1a4a pa3douBaeTcs Ha JIBE BCIIO-
MoOTaTelbHbIC — CIIEKTPANIbHYIO 33auy 1 3aaady Komru. [Tocne uccienoBanus 3TUX ABYX 3a7ad perie-
HUE pacCMaTpUBAacMON CMEIIAaHHOMW 3ajlayil HalJIeHO B BUJE BhIUETHOTO psga. [lokazaHo, 4To pere-
HUE paccMaTpUBAEMOl CMEIIaHHOW 3aJlayl OXBATHIBACT HE TOJBKO MapaboiMdecKue YpaBHEHHS IO
[InoBy, HO M OoJiee MHUPOKKE KIACCH YPaBHEHHM.

KuioueBble ¢JioBa: COOCTBEHHBIE 3HAUCHUS, PYHKIMS [ prHA, XapaKTePUCTHUECKHI OTpe/Ie-
JIUTENb, CIIEKTPAIbHAS 3a/1a4a, (hOpMYIIa pa3IoKeHUsI.

Introduction

As known from there are many processes connecting with process of heat conductivity
and the diffusion movement are brought to the solution of Cauchy or mixed problems for par-
abolic equations [1—4].The study of the diffusion movement and heat conductivity process is
of great importance in the mechanics of liquids and gases [5—7]. Thus, the study of the heat
transfer process when laying rods of the same length with different heat transfer coefficients
is expressed by differential equations in partial derivatives of the fourth order [§—10]. These
equations usually reduce to equations of parabolic type in the sense of Petrovski [11-13].
There are more general equations of parabolic type than equations of parabolic type in the
sense of Petrovski, for example, equations of parabolic type in the sense of Shilov [14-17].
Note, that some problems in_quantum mechanics reduced to parabolic type equations in the
sense of Shilov.

Statement of the problem
Consider the following problem:

Gu(x,t) 8 “ulx, t)+q(x)82u(x,l)

az o 2 , 0<x<1,t>0 (D)
X
)=olx), )
2 ak B ) 0 u(l,1) —
= +p,——= =0, p=14, 3
Z( B = P (3)
where a ., B, (p 1_3) are complex numbers, q( ) and go(x) are complexvalued
functions.
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After application integral transformation
y(x,A) = [u(x, He " dt
0

to the problem (1)—(3), we’ll get following spectral problem:
" +q(x)y”—/14y=—(p(x),0<x<l 4)

L= (e, * 0,0+ B, " (1,2)=0, p=14. (5)

k=1
Roots of the characteristic equation in the sense of Birkhof corresponding to the equa-
tion (4) are found as follows [18]:

6=c*,0,=i0,0,=-0,,0,=-i0,
To find asymptotic of fundamental solutions of the equation (4) let’s divide a complex

plane 4 into eight sectors by the following way [16]:

S, :{,1:—11 tg% <174, < ﬂqtgz}, k=12,

Skz{/l:iltg%<( 174, < Atg = }k 34,
3 J—1 hY/4

S, = l:ﬂ,ltg?<(—l) /12<21tg? k=56,

Skz{/ung%’ﬂ( 1) 2, < Arg— }k 7.38.

At g(x)e C'[0,1] in the each sectors S, (k =E§) at large values of |/1| the asymptotics of

fundamental solution of the equation (4) have the following representation [18]:

dmyn(x’/l) — 77 1 i 1 26,,x
50N _(120,) {1 + 0 ! q(r)dr + O(?He :

dx" (6)
|/1|—>+oo , /1€Sp(p=1§), n=1,_4, m=0_,3.
Green function of the spectral problem (4), (5) has the form [16]:
G(x,é,l)ZM;leS,,,pﬂ,_& (7)

A(2)
A(/i) is called a characteristic determinant and is found as follows
Ll(yl) Ll(yZ) L (y3) L (y4)
_ LZ(yl) Lz(yz) ( ) ( )
M L60) 102) L) L) ®
L) L) L) L)
x,8,2) i

and auxiliary determinant A(x,&, 1) is found as follows
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Ll(g)x L, yl) Ll()’2 le
A(x,.f,ﬂ,): Lz(g) Lz(yl) L, yz) Lz(ys) L, J’4) > )
L3(g) Ls(%) L (yz) L (J’3) Ls(y4)

L4(g L4(y1) Ly(y ) () L4(J’4)
where Cauchy function g(x,&,4) is found as follows [16]

4
(xfl szfﬂykxﬂ)
“+71f 0S§Sx§l,“—”1f0$x$§$l ,

here Zk(g,i):%, kzl?l,

Vi (cf, 1) is an algebraic complement of the fourth row element of Wronskian V(f > /1).

To find the asymptotic of eigen values of spectral problem (4), (5) let’s introduce the
following notations:

=

=

2 3 4
Yik YTy Yy, Y,

1,23 4 Y2k, 7/22k2 7/23k3 7;k4
L(ykl T yk4) 7/31kl 7/32k2 7/;/@ 7/34/{4 ’
Vi, 7/ij 72k3 7/:k4
4, =2L(a,a, 5, 8,) 5
B, = 2(L(a2a3:31ﬂ3) - L(ala3ﬂ2ﬂ3)) )

Co= 2(L(a a,0o,f5,) + L(a3ﬁ1ﬂzﬁs))>

gk(x)_—jq )z, k=14,

Now to ﬁnd asymptotlc of eigenvalues of spectral problem (4), (5) consider the fol-
lowing theorem:

Theorem 1. Suppose, that @,,.,, (p =14 ; k=13 are complex numbers and q(x)
is complex-valued function, which has first order continuous derivatives on [0,1]. Then the
zeros of the characteristic determinant A(1) are countable set, single limit points of which is

A =0o¢ and the following formulas for the asymptotic zeros are true:

1

A= (4n4 +8n’ +6n2)7z4i—ﬂ2n2[jq(r)dr+4i By ic°j+0(n) n— too. (10)
0

Proof

Based on the property of determinant, the A(/l), found by formula (8) can be rewritten
as follows:

0
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A(ﬂ) = Dlz(ﬂ)e(e] oy D14(/1)e(€l+€4 e D, (ﬂ’)e(gﬁ‘g3 o D, (/1)6(93+94 "+

+3 D, ()" 1 D). (D

k=1
To find the main part of determinant A(4) let’s use the traditional method, that is

equate the real part of exponents in pairs and selecting the straight lines or semi-straights,
we’ll get [18]:

T T

_+_

Z =/11tg(8 4(k—1)j,k=§3, A|>R.

Choose those of the semi-strips, constructed from the above-mentioned semi-straights,
where the main part of A(A)hasan infinite number of zeroes. Let’s denote as II,(4) and

A (A) (k= 1,4) these kinds of semi-strips and defined there the main parts of the determi-
nant A(A1), correspondingly. Thus, the semi-strips I1, (1) and A, (A) — the main part of A(4)

are defined as follows:
Consider the main part of A(A) in the first quarter [19]:

Hl(/i)z{/1=/11+i/12:—5<Az—ﬂqtg%<6,ﬂl >R} :

A(A)= 919/110[(i91‘40(1 +(1-Hg, 1) %j +(1+0)B, % + O(%jje(ﬂ%)l +

. . 1 o] 1 w0, . 1Y) o
+[101A0[1 +(1+ l)gl(l)zj+ (~1+0)B,—+ O(?Dew‘ 0% +[2ch + 0[?De“}.

In the second quarter the main part has the form:

Hz(z)z{zzzqmq : —5</12—/11tg5?”<5, A >R}

A, (2)= 9?%“’{(:‘91%1{1+ (1-g, (D%} (L4008, + O(%De(g‘%ﬂ N

. . 1 o] 1)) (60 1 1)) o,
+ (1.91/10(1 +(=1-17) gl(l)zj +(=0)B, —+ 0(?)}(‘9- a (2:(?0 o O(?Deg ﬂ}.

The main part in the third quarter has the form
H3(/1)={/1 = A il =8 <A, —ﬂqtg% <3, A <—R}

Ay ()= 0{’/1“’{(1'91/10 [1 +(-1-1)g,(1) %j +(1-1)B, % + O(%De(w "y

. . 1 o 1 1)) (0 1 1)) &
+ [zele(l +(~1+i)g, (1)1) HEL=DBy O(?De(a’ K (— 2C, ~+ O(?De“}

H4(/1):{/1:/11 +id,: —5<27—/11tg5?ﬂ<5, p) <—R}
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/12

. : 1 o1 1 . 1 1
+(191A0(1+ (—1+1)g1(1)zj+ (-1-0)B,~ +O(?Be(a’ o) {— 26, + 0(?De‘9“} ;

Here 6 >0 and R is sufficiently large number.
Firstly, solve equation A (4) = 0. For that introduce following notations:

Ay ()= i6,4,e% +16,4,¢" )07 1" ,

A= '919/110[(i91‘40(1 +(1+0)g (D) %J +(=1+1)B, % + O(ijJe(‘gl% "4

Ay (D)= A(A)—- A, (A) =01°/11°[i91/10 (1-i)g,()+(1+i)B, % n OGDJ‘%*W n

+ [iHIAO (1+i)g, () + (~1+0)B, + OGDe(“*W + (21'(:0 + OGDW}.

After solution of the equation AL(D)=0 e get:

-(Lmji 0> o0
luln 2 61 > M

To find roots of the equation A,(4)=0 consider a following formulas [20]

0
o (—1)? A
= em$ Y ﬂ( me
p=1

p Ay ()
In case of m=4and p=1 we’ll get
A4
A= ul —4 res 2 B = ut —4res 2 x||i6,4,(1~1)g, () + (1+)B, + O e 4
T AL (A) At 2

+[i91AO (1+i)g,(1)+ (=1+0)B, + OGDW +[2iCO + O(%D} /(i6,4,¢" +i91AOe‘9”).

It is easy to check, that #in are simple poles of the function Ay(A) According to that, we’ll
get

oo _ag 0, 4,8, (D)1= ) +(=1+ D)™ e + B, ((1+1)e™ +(=1+)e™ )+ 2iC,
1n = M — G-, 1.9102140(692/1]” _eewln)

By= ity 8D PG
0, 60,4, 6,0,4,(e" —e )

1 B C
=t = S PG
(7
SRR 1916’2Aosm(2+7mj
94 Bectauk JlarectTaHckoro rocy1apcTBEHHOTO YHUBEPCHUTETA

Cepus 1. EctectBennsie Hayku. 2023. Tom 38. Beim. 2



Axmeoos C.3., Kacymose P.A., Abbacosa A.X. HaxoxmeHue pelieHHs OJHOM CMEMIAHHOW 3amadd It
b epeHIIaTbHOTO YPaBHEHHS Y€TBEPTOrO MOPSIKA C IPOU3BOJHBIMU B TPAHUYHBIX YCIOBHUSIX

D)
24 = 4+42g1( Gy (n-1)
1n Iuln ILlli’l|: 91 9 A 02 ( )
Taking into account z, and g (1) into the last equality, we’ll get:
B _1 n—1
Al (4n +8n’ +6n° ) —7'n [r q(r)dr+4i%} +0(n), n —>+o0
0

After solution the equation A;(4) =0 (k=23,4) by the same way we’ll get following as-
ymptotic formulas:

24 :,U4 4{&(1) By +(— l)nlc} 2

2n

6, 024
_2mm
/u2n 291 s s
@ By +(=D)"G | o
+4 ,
2‘3 :u3n |: Hl 91 AO 3n
) N
26,
24 :,U4 —4 g1(1)+Bo+(_1)nCo 2
4n 4n 01 612140 4n >
(1+2n)7i
g =——————, 0 —> +00.
20,

Substituting 4, (k =2.,3,4) into equalities for A}, (k =2,3,4) we’ll get formula (10).
The theorem is proved.
As it is known, that at Reg(x)>0,0 < x <1 equation (1) is parabolic in the sense of

Shilov [21]. A following theorem allows us to find solution of the mixed problem (1)—(3) not
only in case of parabolic in the sense of Shilov, but also wider classes:
Theorem 2. Suppose, that functions g(x)and ¢(x) are satisfies to a following condi-

tions g(x)e C'[0,1], p(x) e C?[0,1], @(0)=g(1)=¢(0)=¢'(1)=0, Reg(x)>0.If 4, =0, coef-

+
ficients of the boundary conditions are complex numbers and ImBO;CO , then mixed prob-

lem (1)—(3) has following solution
4 o
u(x,t ——lzzlres Ae “Ifo () (12)
P

here G(x, 5,1) is a Green function of the corresponding spectral problem, A,

(k = ﬂ;n = 1,2,3,...) are all zeroes of the characteristic determinant A(A).
Proof. Let’s search solution of the mixed problem (1)—(3) as follows
u(x,t)= ZZresijxg/i)zgm)dg (13)
k=1 n=1
Taking into account (12) into (1) and (2) we can find function z(§, t, /1) in such form
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A& 1,2) = —ie" p(£).
Taking into account the last into (13), we’ll get formula (12).
From condition A4, # 0 can be said, that problem (4), (5) is regular [16; 18]. It means,

that out of & > 0 neighborhood of zeros of the characteristic determinant A(A) inequality

\G“’(x,g,/ljsw,k:@,/leS,,(p=§3) (14)

3+k
1A

is true, where M, (x,‘f,l) are positive, bounded with respect to x and & functions and ana-

lytic function with respect to A-complex parameter. At the same time, under condition
4, #0 and g(x)e C'[0,1], p(x)e C?[0,1], (0)=p(1)=¢'(0)=¢'(1)=0 for the function ¢(x)
following formula of decomposition is true [16]:

4 © 1

() =iy > res X [Glx. Al (15)
k=1 n=1 7

Taking into account (15) we can see that series given by formula (12) satisfies to initial condi-

tion. As the Green function G(x, 5,/1) is a solution of the homogeneous equation, correspond-

ing to (4), (5), the series (12) formally satisfies to the boundary condition (2).

It is necessary for (12) and series, obtaining by differentiating it four time with respect
to x, and ones with respect to ¢ toconvergence uniformly and absolutely. For that, taking into
account conditions of the theorem and asymptotic of eigenvalues, defined by formula (10)
we’ll get:

—tnn? }q(r)d‘r-%—O(n)
0

AL
e kn | —

1
It shows, that if Rejq(z’)dz’ >0 and formula satisfies according toWeierstrass theorem the
0
functional series (12) uniformly and absolutely convergence. It means that our search formal
operations are justified.
The theorem is proved.
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Abstract. Mixed problem for the fourth-order ordinary differential equation with general
boundary conditions is considered in present paper. The solution of the problem is found by the de-
ductible method. Following the scheme of this method, the mixed problem is divided into two auxilia-
ry ones —spectral and the Cauchy problems. After studying these two problems, solution of the consid-
ered mixed problem is found by the deductive series. It is shown, that solution of considered mixed
problem covers not only parabolic Shilov equations, but also wider classes of equations.
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