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B cratee [1] mia dyHKIMOHANBHO-TUG(EPEHIINATBHOTO YPaBHEHHS C HEOTPaHUYCHHBIMH
OTIepaTOPHBIMU KOI((UITMEHTaMH B THIIOEPTOBOM MPOCTPAHCTBE CO CTEIIEHHBIM BECOM TIOTYYEHBI
YCIIOBHSI Pa3pelIuMOCTH W YCTOWYMBOCTH pemieHui. llpuMenenne mpeobpazoBanus PDypbe kK ab-
CTPaKTHOMY YPaBHEHHUIO C MOCTOSHHBIMH 3ala3/blBaHUSIMU NPUBEIO K MOIYYEHUIO PE30JbBEHTHI. B
TepMHUHAX PE30JIbBEHTHI IMOJIYYEHbl YCIOBHUS Pa3pelIMMOCTH M YCTOMYMBOCTH pelieHuid. B naHHOMU
CTaThe JIIsl KOHKPETHOTO YpPaBHEHUsI MaTeMaTHUECKOW (U3UKH, 2 UMCHHO YpaBHECHHUS TEIUIONPOBOJI-
HOCTH C 3alla3/bIBAaHUEM B KPAaeBbIX YCIOBHUSX B MPOCTPAHCTBAX CO CTEMEHHBIM BECOM, MPOBEpsieM
BBITIOJIHUMOCTE 3TUX YCIOBHM. [{71s1 ypaBHEHHUS TEIIONPOBOJAHOCTH C 3aMa3AbIBAIOIINM apTYMEHTOM U
3ama3/ibIBAaHIEM B KPaeBbIX YCIOBHSX B IMPOCTPAHCTBAX CO CTEMEHHBIM BECOM ITONyYEHBI YCIIOBHS
Pa3pelIuMOCTH U YCTOWYUBOCTH PELICHUM.

KitroueBsie ciioBa: menionposooHocms, CMENEeHHOU 8eC, pa3PeuUMOCb, YCIMOUYUEOCHb, 3d-
naszovléanue.

Beenenue

VYpaBHEHHE TEIUIONPOBOIHOCTH C OTKJIOHSIOLIIMMCS apryMEHTOM U OTKJIIOHEHHSMH B
I'PAaHUYHBIX YCIOBUSAX B MPOCTPAHCTBAX CO CTETIEHHBIM BECOM SBIISICTCS aKTyaJIbHOM (u3mue-
CKOM mpoOsieMor. DTa mpobiiemMa B MPOCTPAHCTBAX C IKCIIOHEHIIMAILHBIM BECOM HM3y4YeHa B
paborax P.I'. AnueBa [2]. OqHako B IPOCTPAHCTBAX CO CTENIEHHBIM BECOM JaHHas mpodiieMa
He Obuta pemieHa. B HacTosmiel crathbe MOJYYEHBI YCIOBHS CYIIECTBOBAHUS PEUICHUN U UX
YCTOMYUBOCTU B MPOCTPAHCTBAX CO CTENEHHOW BECOBOW (PyHKUHMEH [UIs ypaBHEHHUS TEILIO-
IIPOBOJTHOCTH C 3ala3[bIBAHUEM B KPAEBBIX YCIOBHUSAX B MPOCTPAHCTBAX CO CTEHEHHBIM Be-
coM. Taxke Noy4yeHsl yCIOBHsI CYLLIECTBOBAHMS PEIICHUN U UX YCTOMYMBOCTH ISl YpaBHE-
HUS TEIUIONPOBOJHOCTH € 3aIa3/bIBAIOIINM apryMEHTOM U 3aIa3/IbIBAHNEM B KPaeBbIX yCIIO-
BusX. [lomyueHHbIe yCIIOBUS ABIISAIOTCS HOBBIMU AJISl YPaBHEHHUS TEIJIONPOBOJHOCTU € OTKJIO-
HSIOIIMMCS] apTYMEHTOM M OTKJIOHEHHUEM B KPAEBBIX YCIOBUSX.

Pemienuem ypaBHeHust

m
LU(E) = DU () — ZAJ. U(t—n) = £(t), )
=0
rne D, = %%, A;j — HeoTpaHWYEHHBIE ONIEPATOPHL, hj = const, ABnsgeTcsS QYHKIUS

U(t):L f eMR(DF(A)dA. (2)
V2m

3necs R(A) = (AE — Yito4; exp(—iAhj))_1 — PE30JIbBEHTHBIN OMEpaTop IS OIle-
patopa L, (1) — npeoGpaszosanue DOypse-pyuximu f (t).
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ﬂJ’IH J0Ka3aTeIbCTBa CYIECCTBOBAaHUA PCIICHUA BHUIA (2) KaK 3JICMCHTA IPOCTPpaHCTBA
1
+ 00 2

Xeoro) = LUV = f 1+ 2 ulz + IDUOl5dt | <o}

— 00

+00 1
1 V() € Y2 g 1oy = LUMNU@IN = (J7, A + 2™ [U©)]3dE) " < o0},
rie D(4;) c X, R(Aj) C Y, Tpebyercs BoinoHeHHE ycaoBuii: R(A) perymnspHa Ha

ImA=a, ||[RMDI, = (D
IARMDIly, =0 (1)
A= o, Iml = a. (3)

Bomnpockl ycTOMYMBOCTH pELIEHUI CBA3aHbI C MTOJIOCAMHU PE30JIbBEHTHI.
PaCCMOTpI/IM YPaBHCHUC TCIIJIOMPOBOAHOCTHU C OTKIIOHCHUCM apryMCHTa B KPACBbIX
ycinoBusx. [I[poBepuM BBIIOJTHUMOCTD yCIIOBUH (3).
du(x,t) _ d?u(xt)

( ) dt dx? (4)

u(0,t) =0

C YCIIOBHAMH 5

y {u’(l,t)+au(1,t—h)=0. %)
3I[CCB a — BCIICCTBCHHOC 4YHUCJIIO, CBA3aHHOC C 3ala3JbIBaHHUCM HepaBeHCTBa

lalef® < 1.
VYpaBHeHue (4) ABISICTCS YaCTHBIM cliydaeM ypaBHeHus (1).
HelicTButensHoO, nepenucas (4) B BUIE
1du 1d%u 1du  .d%u
, , W =
i dat  idx? i dt dx?
MBI BUJUM, 4TO OHO mnostydaetcs u3 (1), ecnu

. d?
AOZIE,hOZO,THZO.

OmnpenenyM MPOCTPAHCTBA @ X U Y CIIEAYIOIIAM 00pa3oM:

X= {u(x),u(O),u’(l) + ae"My(1) = 0, lu)|l == (fol(lu(x)l2 + Ju' (x)|* +

Hu' (@) < oo,

1
1 2
Y= {u<x>, luGoll = (5 luG?) < oo}.
[Tpumenum npeodpazoBanne Oypwe Kk ypaBHEHUIO (4)
L (romiar, g L ¥ g, du
mf_me « —dt = mf_me * —dt.
HTerpupys moAbIHTErpalbHOE BhIPAKEHUE B JI€BOM YaCTH 110 YaCTAM, HOIydHM
_ia . d i i1 i A
4 d—’:dt = \/%_Hu(x, t)e At|F2 + \;T_Hf_t:oe Aty u(x, t)dt = id ii(x, A).

1 40 _y d?u d? a(x,A)
Tak kKak — e " x —dt =
V21l f—OO dx? dx?

d* a(x,A) o dP\ . _
— 7 W (ll dxz)u(x, A)=0.

1 +o00
7o) €

, TO TIOCJIe TIPUMEHEHHS TPe0Opa3oBaHUs
®ypbe umeem: id U(x, 1) =

Taxum o6pazom, pezonssenta R(1) = (il — j—;)_l.
Jlist mpocToThl 0003HauMM uepes u = —id, t(x, 1) = u(x).
Torna u3 ypasuenus R, ()Y (x) = u(x) cnenyer, uto
u" (x) + pu(x) = P(x). (6)
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VYcnosue (5) nocne mpeodpazoBanust Dypwe nepeiier B

=1 e xu(0,)dt = 2(0,2) = u(0) = 0,
. du ae Wt
—At w —dt +

1 [t
_— e
V21 f_oo dx V211

+o00
[ e s 0 = WDy ae U2 |y =
—o0

*

=u'(1) + ae *yu(1) = 0.
Taxum oOpasom, 3axaun (4) u (5) nocne npeodpazoBanus Pypre nepeayT B

u" (%) + pu(x) = P((x)
{ u(0) =0 .
u'(1) + ae #u(1) =0 )
PaccmarpuBaeTcst ropu3oHTanbHast mojoca |Zm A| < H B A-M10CKOCTH.
N3 paBenctBa U = —id=—i(oc+it) =Tt—1ioc BugHo, uro u = Reu +i?
U = ZmA — iReA. Takum 00pa3oM, rOpU3OHTAIBHAS MOJ0Ca A-TIJIOCKOCTU MIEPEXOJIUT B BEp-
THUKaJIBHYIO MOJIOCY U-TUTOCKOCTH.
N3 ypaBHenus (6) umeem
[u" (x) + Repu(x) + iZmpu(x)| = [P(x)],
TaK KaKk MOJTyJIb MHUMOW 9aCTH HE IPEBOCXOIUT MOJYJISI CAMOTO KOMIUIEKCHOTO yucia. Ot-
CIOZIa CIIEYeT, 4YTO

 lzmuGol < ol
f | Zmuu(o)|?dx < f (0 2dx
0 0

1 5 1 1 5
| meords < o [ e
I < —— PGl
y = |Zli1|2 y
Gl < o 9GOl (8)
OTcrona cieayer, 4To ||Rp (A)”y =0 (ﬁ)

Janee, yMHOKas 00€e yacTH ypaBHeHHs (6) Ha conpspkeHHyIo ¢ U(x) GyHkumo U(x) u
UHTETPUPYS TOITYICHHOE PaBEHCTBO B Tipeaenax ot 0 10 1, momydanm

flu”(x)ﬁ(x)dx + uflu(x)ﬁ(x)dx = fllp(x)ﬁ(x)dx.
0 0 0

1 4
HTerpupys M0 4acTsIM HHTErpai |, o U u(x)dx, momydnm

[ ae)de = w' (@aeo)l § — [T (0)dx,
" MbI 3HAa€M, 4TO

flu’(x)dx =u(1) —u(0) =u(1) - [u()|? =
0

TOTZ1a CIAEAYeT, 4TO

—aeth|u(1)[? - f W Pdx + f a2 = f a odx,
0 0 0

2

flu’(x)dx < fllu’(x)l2 dx,
0 0
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1
—aeRe! |u(1)|? cos Zmuh + iae®e* |u(1)|? sin Zm ph —f lu'Co)ldx +
0

1 . 1 1 _
+Rep [ [u(x)|*dx + iZm [ |u(x)|?dx = [, Pp(x)u (x)dx,
TaK KaK MO,Z[y.HB HeﬁCTBI/ITeHBHOCTH HEC HpeBOCXO,Z[I/IT MOIIyHB CaMOIo KOMIIJICKCHOI'O 4YHcCJia.
Tornma nomyuum

1 1
- (f [u'(x)|2dx + ae®e* x |u(1)|? cos Zmuh — Re,uf Iu(x)lzdx> <
0 0

< f I () a(x)dx|
0

u |f01|u’(x)|2dx + aef®  x|u(1)|? cosZmuh| - |Re,u follu(x)lzdx| < |f01|u’(x)|2dx +
+aeRe* x Ju(1)|? cos Zmuh Rep follu(x)lzdx|
u |f01|u’(x)|2dx| — |aeReHh|u(D)?| < |f01|u’(x)|2dx + aeReHh x |u(1D)|? cosZmuh|.
B pe3ynbrare nonyunm:

1 1, 1 1 _
Jo ' (o) 1Pdx — |a|eRerh Jo ' GO)?dx < |Reul * [ lu(x)|?dx + [, P ()@ (x)dx.
Hcnonp3yem cBoiicTBO uHTerpaia Jlebera:

1 1 1 1
j Y0Om ()dx <5 <f |¢(x)|2dx+f |u(x)|2dx>
0 0 0
U TIOJIYYUM
(1 = laleRer™) [1u' GO)l2dx < (IReul +3 ) f; lu(x) 2dx + 3 [ () |2dx
0 - 2 0 270 :
Ucnons3ys paBeHCTBO (8), mOJIydrm
(1 — laleRer™) [Hu' GO l2dx < [(IReul +3) 1Zmul ™2 +3| « [ (o) 2dx -

” f1|u’(x)|2dx < (|R3H| +%) i +% * f1|1/)(x)|2dx
0 - 1 — |a|eRerh 0
1501851
1
’ L 3 (lReuI +%) | Zmpu| =2 +% 2
I Gl = ( J weol dx) < | « Gl =
= 0Dyl

npu [A| = o B mosnoce |[Zm A| < H.
Hakonen, u3 ypaBHeHus (6) 1 HepaBeHCTBa (&) IO HOpME B TPOCTPAHCTBE Y MOIydum
lu'COlly = Ml (x) — pu)lly < Iy + lul * luCll, <
< lYpIly + pllZmpl ™ = IpClly, = @ + lpllZmul™) = Ip)ll, = 0(DIIP Il
npu [A| = o B mosnoce |[Zm A| < H.
Takum o6pazom,
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1

1 2
IR, Wy @[, = L = ( f (@) + [ O + [u ()2 )dx) <

<f01|u(x)|z>% n <f01|“’(x)|2>% N <f01|u”(x)|2>% _

luClly + ' COlly + llu”COlly <

IA

IA

|Zmul™ I lly + * [y +

+(1+ |y||ZmM|_1)||1/J(x)”y =

(1Repl +5) 1Zmpul + . }
+ lullzmp 7+ 1« @l

-1
|Zmp|™ + 1= |afeRenn J

I
————

= 0(DIY )y,
T. €. ||Rp(/1)||x = 0(1) mpu |A|—>00 B nonoce |Im A| < H npu mo6om HE RY.

Taxum 00pa3oM, yciioBus (3) BEIIIOJIHSAIOTCS.
AHaJIOTUYHBIE UCCIEIOBAHUS PA3PEITUMOCTA U YCTOMUYMBOCTH PEIICHUN MOXKHO TPO-
BECTH W JUIsl YpaBHEHUS TEIUIONPOBOAHOCTH C 3alla3/IbIBAHUEM M OTKJIOHEHUEM apryMEHTa B
TPaHUYHBIX YCIOBHUSX.
PaccMoTpuM ypaBHEHHUE C OTKIOHSIOIIKUMCS apTyMEHTOM C OTKJIOHEHHEM apryMeHTa B
TPaHUYHBIX YCIOBHUSX.
du(x, t) d?u(x,t)
dt dx?

+ bu(x,t — h) 9)
’ u(0,t) =0 (10)
uw'(l,t)+au(l,t—h)=0-
31ech a, b SABJSATCS BellleCTBEHHBIMU YMCJIaMHU, A —
YUCJI0, CBSI3aHHOE C 3ama3/ibIBaHHeM h HepaBeHCTBOM | a | efh < 1.
VYpaBHenue (9) sABisieTCSl YaCTHBIM ciiydaeM ypaBHeHus (1).

JelicTBuTensHO, nepenucas (9) B Buae

ldu 1d%u 1 ldu d?u

YE_Tﬁ__ bu(x t—h) = 0 wiu TE—ld—-}'lbu(x t—h) =0,
MBI BUJIUM, YTO OHO HonyqaeTc;I u3 (1), ecou

A0=_ dx Z,Al—_leZ (XY) ho—Oho—hm—l
Omnpenenum npocTpaHcTBa X U Y CIEAYIONIMM 00pa3oM:
X = {u®),u(0) =0,u'(1) + ae *u(1) = 0,
1
Il u(x) | = (fol | u(X) 124+ + | ur(x) 124] un(x) |2)dx)) 2 < oo},

1
Y= {u), lu() I = () lu@) > dx) " < oo}.
[Tpumenum npeobpazoBanue Pypbe K ypaBHeHmo )
+oo —irt 0 _iat 42 -
\/_f meopdt=—=[" e ™ “dt+—f e Mty (x, t — h)dt.

I/IHTerpprﬂ MOJIBIHTETPAIbHOE BBIpa}KeHI/Ie B JICBOM YacTH IO YaCTSIM, MOIYYUM

C YCJIOBHEM {
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i OU 1 I o B e
Edt = Eu(x, t)e /+°°+\/T_7rj e " u(x, t)dt = iAti(x, 1),

_i1 9%u df = d2ir (x,1)
d0x2 dx?

“y(x, t — h)dt = be " {i(x, 1), To moCIE MPUMEHEHHS IPeoOPa30OBaAHHS

1 (*
— e
V2T J o

Lt
TaKKak =] _ e
L[t
n—=J
dypbe uMeeM
d*i (x, 1)
——+b

T2 e M Gi(x, A),

iAti(x, 1) =
WIn (i/l — be~tAh — ;—;) fi(x,1) = 0.
-1

= _ —tAh _ d_z
Taxum o6pasom, pesonbBenTa R, (1) = (1/1 be dxz)

Jl1st IpocTOTHI 0603Ha4NM depes L = be ™M — A, 7i(x, 1) = u(x).
Torna us ypasuenus R, (1) (x) cnenyer, uto

u”(x) + pu(x) = P(x) (11)
Ycnosus (10) moce mpeoOpazoBanus Oypre neperayT B
{ u(0) =0
u'(1) + ae "y (1) = 0.

Takum o6pa3zom, 3agada (9), (10) mocie npeodbpazoanust Dypbe nepenaeT B
u”(x) + pu(x) =(¢)(x)
u(0) =0
12
{u’(l) + ae “Myu(1) = 0. (12)
Janee aHaJIOTMYHBIMU BBIKJIAJIKAMHU MOXKHO J10Ka3aTh, YTO YCJIOBUS (3) BBIMOIHSAIOTCS.
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The Stability of Solutions of the Heat Equation with Delay under Boundary Conditions
in Spaces with Power-law Weight

S.M. Aleydarov
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In the article [1] for a functional-differential equation with unbounded operator coefficients in
a Hilbert space with a power-law weight, conditions for the solvability and stability of solutions are
obtained. By applying Fourier transforms to an abstract equation with constant delays, a resolvent is
obtained. The conditions for the solvability and stability of solutions are obtained in terms of the re-
solvent. In this article, for a specific equation of mathematical physics, namely the heat equation with
delay in boundary conditions in spaces with a power-law weight, we check the feasibility of these
conditions. For the heat equation with a retarded argument and delay under boundary conditions in
spaces with a power-law weight, conditions for the solvability and stability of solutions are obtained.

Keywords: thermal conductivity, power-law weight, solvability, stability, delay.
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