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PaccMoTpenbl BOpOCh MPUOIMKEHHOTO PEIICHUs IMHEHHBIX AuddepeHIranbHbIX YpaBHEHHMA
BTOPOTO MOPSIKA, CTAPIIUN KOIPPUIMESHT KOTOPBIX MOXKET OOpaIiaThCs B HOJIb B TPAHUYHON TOYKE
MPOMEXKYTKa CYIIECTBOBAHUS PEIICHUS.

HccnenoBan BOompoc BO3MOKHOCTHA TOCTPOEHUS MPHUOIMKEHHOTO ABAKIBl HETPEPHIBHO IH(]-
(hepeHIMpPYyeMOTO PEIICHHS B BHUJIC PAIMOHAIBLHON CIUTAH-(QYHKITNHN CICIMaTbHOTO BUAA. HaiineHsl
JIOCTATOYHBIC YCIIOBHS Ha KJIACC TOYHBIX PEIICHUH, MPU BBIOJHEHUH KOTOPHIX MTOI00HAs paliioHalb-
Hasl CIUTaitH-(pYHKINS CYIIIEeCTBYET.

VYkazaH Taxke CIoco0 MOCTPOEHUS Pa3HOCTHON CXEMBI YHCICHHOTO PEIICHHS paccMaTphBae-
MBIX Au(QepeHINaTBHBIX YPAaBHEHHI, HA OCHOBE KOTOPOTO 3(PPEKTHUBHO CTPOUTCS UCKOMOE PEIICHUES
knacca C? B BUjie PAllUOHATIBHON CILTANH-(yHKIUH.

I'mamkwe mpuOmmkeHHBIE pemeHus nudQepeHInaTbHbIX YpaBHEHHH 0COOCHHO BOCTPEOOBAHBI
B CJIy4ae MacCHUBHBIX CETOK Y3IJIOB U B CIIy4ae, KOTa TPYIHO HAWTH WX TOYHOE PEIICHUE MPU JaHHBIX
KPaeBBIX YCIOBHUSX.

B kagecTBe npmiiokeHus MpUBeIEeHB TpUMepPbl A PepeHImaTbHBIX YPaBHEHHH, TSI KOTOPBIX
BBITIOJTHAIOTCS YCIIOBUS BO3MOYKHOCTH MTOCTPOCHUS PEIICHUSI B BUJIE PAllMOHAIBHON CIUIAH-(yHKIINN
xnacca C2.

KitoueBsie crnoBa: Jugpepenyuanvusie ypasHerus, payuoraibHvle CNIAH-QYHKYUL.

Beenenue

[TonuHOMMANBHBIE CIUTAMHBI, KX CBOWCTBA W BAXKHEUIIME MPUIIOKEHUS [IUPOKO UCCIIEe-
JIOBaHBI PA3IMYHBIMU aBTOPAMH (CM., Haripumep, [ 1-5] 1 mUTHpOBaHHBIE B HUX UCTOYHHUKH).

PaccmarpuBanuch TakkKe pa3IMYHOTO BHJA pPAlMOHANbHBIE CIUIAWH-QYHKIUH (CM.,
Hanpumep, [6—8]) u UX NPUITOKEHUS.

[IpumeHeHre TOMTMHOMMATBHBIX CIUIAHH-QYHKIWA TPU YUCIEHHOM DPELICHUU pa3ind-
HBIX KPaeBBIX M HAYAIBHBIX 3a7ad Juid IuGQGepeHIHaTbHBIX YPaBHEHUH MOXKHO HAaWTH,
Harpumep, B [1-4, 9].

Hwmwxke paccmarpuBaercss BONPOC MPHOMMKEHHOTO pemeHus auddepeHnnanbHoro
ypaBHEHUS BUJA

(x—a)’y" + (x —a)p(x)y' +qx)y =0 (1)

C HEMPEPbIBHBIMU Ha oTpe3ke[a, b] Gyukumsamu p(x), q(x) npu ycaoBUHU CyIIECTBOBAHUS KO-
HEYHOTO Mpejienia TouHoro pemierust y(a + 0) ¢ moMOomIpio palMoOHANBHBIX CILTARH-OYHKIHIA
knacca C2[a, b].

Crnyuaii nuHelHbIX nuddepeHuanbHbIX ypaBHEHUH BTOPOTO MOPSAIKA C OTIUYHBIM OT
HYJISl CTapIIuM KO3 HUIIMEHTOM PaccCMOTpPEH B [9].
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Jlnst ompeneneHusl panroOHAIbHBIX CIUIAaWH-(QYHKIMI BO3bMEM IPOU3BOJIBHYIO CETKY
y310B Ara = xo < x; <+ <xy = b (N = 2), B KOTOpBIX OIlpeeneHa KoHeuHast (DyHKIHS
f(x), wuwmcmo A>0 w wabop uucen g ={gi,92 -,9gn—1} TAKHX,  UYTO
9i = Xiy1 + A(Xi11 — X;) npu Xik1 T X S X~ X 1
gi =Xi_1 —Ax; —xi_)nmpux; —x;_q <Xj41—% ((i=12,...,N—1).

Tormanpu i = 1,2, ..., N — 1 01HO3HAYHO ONpeesIeTCsl paloHalbHas PyHKITUS

1
Ri(x,f) = a;+ Bi(x —x;) + Vix_—g
2
0 YCJIOBUSM Ri(xj, f ) =f (xj) (j=i—1,i,i + 1), npu 5TOM BHINOJIHSIOTCS paBEHCTBA
a; = f(x) = f ooy, % %i41) (Gemq — 9) (i1 — i),
Bi = f(xi—1, xig1) + fOimn, x5 xi41) (5 — 90), (2)
Yi = f (o1, 0 %40 (-1 — g0 O — 90) (Xivq — 90)-
Ecnu monoxum Ro(xj,f) =R, f),Ry(x,f) = Ry_1(x, f), a mpu x € [x;_q,x;]

i=12..,N) OIpENETM (GYHKIUIO Ry(x,f) =Ry,(x,f,A g) =
= R;(x, f)Ai,z(x) +Ri_1(x, f)Bi,z (x),

P 2
rne A;,(x) = (=) Bi,(x) =1—A4;,(x), T0 Ry,(x,f) mpencraBnser coboif

(i=xi—1)2+(x—x7)?’
([10]) crunaitu-¢yukuo kiacca C- [a, b].

Kak nokazano B [9], B ciydae auHeHHBIX Au(d(epeHInalbHBIX YpaBHEHUH BTOPOTO TO-
psiIKa ¢ HEMPEPhIBHBIMU Ha [a, b] Ko PuImeHTaMy U OTIIMYHBIM OT HYJIA Ha [a, b] cTapuium
KO3(PPUIIMEHTOM CYyIIECTBYET MOCIEeI0BATEIbHOCTh PALMOHANBHBIX CIUIaH-(QYHKIUN pac-
CMaTpUBAEMOIo BHJa, KOTOpas paBHOMEPHO Ha [a, b] cXOAUTCA K TOYHOMY PELICHHUIO COOT-
BETCTBYIOIICH KpaeBoii 3ajaun npu h = max{x; — x;_;|i = 1,2,..., N} = 0 ¢ poctom N. IIpu
3TOM CYIIECTBEHHO MCIOJb3yeTCs YCIOBUE, YTO TOYHOE PElIeHHE KpaeBOM 3a/1auM sBIsEeTCS
dynkumeii kiacca C* [a, b].

OpnHako B cilyyae, Korja cTapuiMid Kod(p@HUIMEHT ypaBHEHUs oOpalaercs B HYJb B
TOYKax OoTpe3ka [a, b], BOSHUKAIOT OCOOCHHOCTH, HEKOTOPBIE M3 KOTOPBIX PaCCMATPUBAIOTCS
HIDKE.

OcHOBHOI1 pe3yabTaT

[Tycte nuddepennmanbaoe ypaBHenue (1) ¢ HenmpepbIBHBIMU Ha JaHHOM OTpe3ke [a, b]
gyrxumamu p(x), q(x) umeer emuncrsennoe pemenue y(x) kmacca C2 (a,b], ynosnerso-
pstrotriee yenousiM y(a + 0) = A, y(b) = B 1ipu 3a1aHHBIX KOHEUHBIX A 1 B.

VY31aM Tpou3BOJBHO 3allaHHOW ceTku A:a = Xy < x; <+ < xy =b (N = 2) comno-
CTaBUM 3HAYCHHE Y, = A W HUCKOMBbIC TPUOIMKCHHBIC 3HAUCHHS PEUICHUS Vq,Va, -, YN-
Bosbmem muckperHyto ¢yukimio Y (x) = y; npu x = x; (i = 0,1, ..., N) u mocTpoum paruo-
HATBHYIO CTUIARH-GYHKIHIO Ry ,(x,Y) = Ry, (x,Y, A, g) xnacca C*[a, b).

Torna (cMm. [10, 11]) 3HaueHHe R,(Vr,;(xj) mpur =0,1,2ui=0,1,..,N — 1 MOXHO BBI-
pasuth 4epe3 y; (j = 0,1,...N). Ecim 11 KpaTKOCTH 3aIHCH CETKY y3JIOB CUMTATh PAaBHO-
MepHOW ¢ x; —X;_q = h (i = 1,2, ..., N), TO moxyunm

RN'Z(xl-,Y) =Ri(xl-,Y) =Y i = 0, 1,...,N;

R,’V,z(xi,Y) = R{(xl-,Y) = m [—(A + Z)Yi—l + 23’1 + /1)/1'+1]1 = 1, 2, ,N - 1,'

iy . A4+ 2) )
RN,Z(xi,Y) = Rl' (.X,'i,Y) = m(}/i_l - Zyl + yi+1), i=12,..,N—-1.
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OTU paBEHCTBA MO3BOJISIOT MOJIYYUTh CUCTEMY JIMHEWHBIX aJIreOpandyeckux ypaBHEHUI

OTHOCHTEIIBHO };, UCXOJI U3 COOTBETCTBYIONIEr0 YpPaBHEHHA OTHOCHTENBHO Ry ,(x,Y), a
UMEHHO M3 YPaBHEHUS
(x —a)*Ry,(x,Y) + (x — a)p(x)Ry »(x,Y) + q(x)Ry »(x,Y) = 0.

B03MOXKHOCTH IOCTPOCHUS IPUOIMIKEHHOTO PemeHHs B (hopMe parmoHaIbHOM CIUTaliH-
(GYHKIIMK paccMaTpUBAEMOT0 BHJIa OCHOBAaHA HA CJICIYIOUIEM yTBEPIKICHHH.

Teopema. ITycte pynkumu p(x) u q(x) HenpepbIBHBI Ha oTpe3ke[a, b], U ypaBHEHHE
(1) umeer pemenne y = y(x) xnacca C2(a, b], yaoBneTBopsroIee IpU 3a1aHHBIX KOHEUHBIX
AuBunpu h =max{x; —x;_4 | i =1,2,..., N} > 0 ycnoBusim:

1) y(a+0)=A4, y(b) =B;

2) sup{lq(x)y(x)|:x € (a,a + h]} - 0;

3) hsup{(x —a)?|y"(x)|:x € [x;_1, %411} 20, i=2,3,..,N—1;

4) sup{(x —a)?ly"(x) —=y" (O x,t € [x;—1, %1411} 2 O,

i= 2,3,..,N—1. Tornga npu h = 0 umeem
sup ]I(x — @)’ Ry (%, ¥) + (x = p(ORy 2 (x,¥) + q()Ry 2(x, )| = 0.

x€[a, b
Hokazamenvcmeo. Jlanpiie Ui KpaTKOCTH Oy€M CUUTATh CETKY Y3JI0B PAaBHOMEPHOM.
Ecmu dynkmuro y = y(x) noacraButh B ypaBHeHHE (1), TO OHO 00paTHTCS B TOXIECTBO OT-
HocuTenbHO X € (a, b]. [Toatomy nipu x € (a, b] umeem
S=(x—a)’Ry2(x,y) + (x — )p(O)Ry . (x,y) + g(ORy 2 (x,y) =
= (x — )[Ry (%, ¥) = ¥" (O] + (x — )p()[Ry 2 (x, ¥) = y' ()] +
+q )[Ry 2 (%, y) = y()]- 3)
[pomomkum  ¢ynxiumio Y(X) 1O HENpPepHIBHOCTH Ha OTpe3ok [a,b], momaras
y(a) =y(a+0) =A. Torna B cuiy O€3yCIOBHOW CXOAMMOCTH PAlMOHATBHBIX CILIANHH-
dynxnmit Ry , Ha kracce C|a, b] [10] momydnm
sup{|Ry.»(x,y) = y()|: x € [a,b]} - 0 @)
npu N — oo (4to TO *e, mpu h — 0).
JInst OIeHKHM JIBYX TIEPBBIX CIAraeMbIX MPAaBOM YaCTH CYMMBI S PacCMOTPUM OTIEIBHO
nBa ciaydvast: korna x € (a,a + h) ukorna x € [a + h, b].
B nepBom ciydae mpeobpasyem cyMMy S CIeIyronM 00pa3oM:
§ = (x—a)?R{(x,y) + (x = pIR (x,¥) + q()y(x) +q[Ry(x,y) —y()]  (5)
Y OIICHUM Ka)XKJI0€ U3 YETHIPEX CIaraéMbIX B IPABOW YaCTH OT/AEIBHO.
C ucnonp30BaHUEM PABEHCTB (2) MOTyYUM

(x — a)?|R{ (x,y)| < 24|y(a + 2h) — 2y(a + h) + y(a + 0)|. (6)
Hanee,
xX—a
1 (x —a)Ri(x,y) = (x —a)fy — NG g™
2 A ? [E (y(a + 2h) —y(a + 0)) + (y(a + 2h) — y(a + h)) - (y(a +h) —y(a+ 0))]
—6y(a,a+ h,a + 2h) ﬁ,

otkyaa ipu x € (a,a + 2h] moayunm
|(x — )R1(x,¥)| < ly(a+ 2h) —y(a +0)| + 2|y(a + 2h) —y(a + B)| +
+2|y(a+ h) —y(a+0)| + 6]ly(a+ 2h) — 2y(a + h) + y(a + 0)|. (7)
CretoBaTenbHO, B CHJIy OrpaHm4eHHOCTH QyHKuui p(x),q(x) u HempepsIBHOCTH
¢byukumu y(x) u3 ycnosus 2) Teopemsl u u3 (4)—(7) nmpu h = 0 umeem

74 BecTHuk /larectanckoro rocyjapcTBEHHOT0 YHUBEPCUTETa
Cepus 1. EcrectBennbie Hayku. 2019. Tom 34. Bein. 4



Pamasanos A.-P.K., I'vceiinogé U.I'. O npuOIMKeHHOM PEelIeHHH PallMOHAIBHBIMU CIUIAiH-QyHKIMIMU audde-
PEHIMANBHBIX YPABHEHUH ¢ 0COOCHHOCTSIMH

sup{|S|: x € (a,a + h]} - 0. (8)

[Tycts Tenieps x € [a + h, b]. Torma cymiecTByer HempepbiBHast mpou3BoaHas y'' (x) Ha
aTOM oTpe3ke [a + h, b]. TloaTOMy OlLlEHKH JABYX MEPBBIX ClaracMbIX MPABOW YaCTH paBEH-
cTBa (3) MOXHO MPOBOJUTH IO AHAJIOTHH C MOJO0HBIMU OIICHKAMU U3 [9], a OlleHKa TPEThETo
CJIaraeMoro BBITEKAET U3 COOTHOMICHHUS (4).

OTMeTHM JMIlb, YTO MpPH OLIEHKE MEPBBIX JBYX ClaraeMbIX mpaBoi yacT (3) cyiie-
CTBCHHO HCIOJIB3YIOTCS CIICIYIONIUE YTBEPXKICHHS, TOTyUYeHHBIC B [9]:

A) ecmn x € [x;_1,%;41] (i = 2,3, ..., N — 1), To Hal{xyTCsA TOUKHU Cq,C5, T € [X;_1, Xj41]
TaKUE, YTO BBIMIOJIHICTCS PABEHCTBO
Y () = Ri(x,y) = (" (c1) = y"(c2)) (x = ) + (¥ (c2) — R} (¢2)) (x — 1);

B) ecmu x € [x;_1,x;41] (i = 2,3, ..., N — 1), To Haiinercs Touka & € [Xx;_q, X;41] TaKas,
qTO

R/ (x,y) =y"(©)(1-6(x)),
0(x) =1—(g; —x-1)(g; — x)(g; — xi41)(gi — 2)?,

5
|0(x)| < 1
OTH OIICHKH MTOKa3bIBAIOT, uTO NIpu h — 0 Taxke nmeeMm
sup{|S|: x € [a+ h,b]} - 0. 9

U3 (9) u (8) BbITEKAET YTBEPKICHUE TEOPEMBI.
1

B kauecTBe mpuiiokeHus: OTMETHM, uTO QyHKIMA beccenst y = x ™z sin x sBnseTcs pe-
meHueM g epeHaIbHOr0 YpaBHeHUS

24,11 1 , 1
x°y" + xy +(x —Z)y =0,
JUTSE KOTOPOTO BBITIOJTHEHBI BCE YCII0BHUs TeopeMbl Ha nosyuHTepsaie (0,1].
JlecTBUTENBHO, UMEEM
1) y(+0) =0, y(1) =sin1;
1
2) sup(lg(y()l: x € (0,h]} = sup {[x* —3
= 0(h'/?)(h - 0);
3) mpui=2,3,..,N — 1 BbIIOJHIETCS COOTHOILICHHUE
hsup{x?|y"” () |: x € [x;—1, %411} = O(R) (h - 0);
4) mpui = 2,3,...,N — 1 BeINOIHIETCS TaK’K€ COOTHOILICHHE

sup{x?|y" (x) = y" ®OI: x,t € [x;_1, %111} = O(h?) (h - 0).
B kauecTBe mpumepa HECKOIBKO APYTOro XapakTepa pacCMOTPUM (PYHKIIUIO

sinx _
W.X € (O, h]} =

1 2
y = x"!sinx kak pemenue ypasnenus y"' + =y’ +y = 0 ¢ 0cobeHHOCTBIO B Touke X = 0.
X

DTO ypaBHEHME MyTeM MOYJIEHHOTO YMHOKEHHS Ha X2 MpuBOIUTCA K JAU(PepeHuaabHOMy
ypaBHeHuto x2y"" + 2xy’ + x%y = 0 Buga (1), 1 KOTOPOro TaKKe BHINOIHEHBI BCE yCIIO-
BUs TeopeMbl Ha onyuHTepBase (0,1] B cinemyroniem Bue:

1) y(+0) =1, y(1) =sin1;

2) sup{lq(x)y(®)|:x € (0,h]} = 0(h*) (h - 0);

3) mpui=23,..,N—1noryuyum

hsup{x?|y" (x)|: x € [x;_1, Xi41]} = O(h) (h - 0);

4) mpui=23,..,N—1umeem

sup{x®|y" (x) = y"(®): x,t € [x;—1, %411} = 0(h) (h - 0).
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The problems of the approximate solution of second-order linear differential equations the lead-
ing coefficient of which can vanish at the boundary point of the solution interval of existence are con-
sidered.

The question of the possibility of constructing a twice approximate continuously differentiable
solution in the form of a rational spline function of a special form is investigated. Sufficient conditions
under which a similar rational spline function exists are found for the class of exact solutions.

A method for constructing a difference scheme for numerically solving the differential equa-
tions under consideration is also presented, on the basis of which the desired solution of the class C? is
constructed in the form of a rational spline function.

Smooth approximate solutions of differential equations are especially in demand in the case of
massive grids of nodes and it is difficult to find their exact solution under given boundary conditions.

As an application, examples of differential equations are given for which the conditions for the
possibility of constructing a solution in the form of a rational spline function of the class C? are met.

Keywords: differential equations, rational spline-function.
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